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Abstract. The article focuses on the tasks of the mathematical physics – one-dimensional 

diffusion-convection boundary-value problem (BVP) for solving the heat conduction equation 

with piece-wise smooth coefficients in the multi-layer media. For this purpose the conservative 

averaging method (CAM) is using with special created integral splines of exponential type that 

interpolate the middle integral values of piece-wise smooth function through averaging in z-

direction. Thus BVP is reduced to the system of ordinary differential equations (ODE) dependent 

on time – this enables to find out the averaged solutions of BVP – non-stationary and stationary. 

Keywords: 1-D diffusion-convection initial-boundary value problem, conservative averaging 

method, exponential type splines 

 

1. Introduction 

The numerical modelling of mathematical physics 1-D problems in layered medium 

using engineering-technical calculations of sufficient accuracy is important in numerous 

areas of the applied sciences. 

Therefore we are studying the conservative averaging method (CAM) by using 

special integral exponential type splines with parameters in every layer, which means 

that the values of these parameters have to be chosen to decrease the error of 

approximation of the solution. 

In the limit case when parameters tend to zero we have the integral parabolic type 

spline, developed by A. Buikis (Buikis, 1994a; Buikis,1994b). 

CAM can be applied both to linear processes (Kalis, 2016) and non-linear processes 

(the dependency of mathematical model equation coefficients on the process 

characteristics, such as temperature in the combustion process) (Aboltins, 2017), 

(Weber, 2012). 
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2. Formulation of the problem 

The non-stationary diffusion-convection problem is studied in 1-D domain

  zLzz  0: . 

The domain   consists of N -layered medium. We will consider the non-stationary 

1-D problem of the linear diffusion theory for layered piece-wise homogenous materials 

of one  1N  and two  2N  layers. 

     Nizzzz iii ,1,,: 1   ,     

where 1 iii zzH  is the height of layer zNi Lzz  ,0, 0 . 

We can find the distribution of concentrations  tzuu ii ,  in every layer i  at the 

point   iz   and at the time t  by solving the following initial-boundary value 

problem for partial differential equation (PDE): 
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     (2.1) 

 

where   2;1,0  jjz ,  

 tzuu ii ,  -  concentrations functions in every layer, 

00 ,,,,0, iizazzizi arCCDF   - constant coefficients,  

0, zz  - constant mass transfer coefficients,  

zaz cc 0, - the given concentration on the boundary for the boundary,  

ft - the final time,  

0iu - the given initial condition.  

      It must be added, that in present paper a specific diffusion-convection process is 

investigated, for which the constancy of the source-function iF  is inherent. For 1N  

the conditions on the contact line are deleted. Similarly 3-D initial- boundary problem in 

1N -layer domain is considered in (Kalis, 2016). 

 

3. The conservative averaging method (CAM) in z-direction 

using integral spline with two fixed exponential type functions 

Using CAM with respect to z  with fixed parametrical functions 2,1,, 21 iff iziz , we 

have 
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For exponential functions we use following parameters: 
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These parameters are the characteristic values of the solution of problem’s (2.1) 

homogenous differential equation ( 0iF ) in the stationary case ( 0/  tui ). The 

parameters are also used by designing the stationary analytic solution of the above 

mentioned BVP.  

 

Unknown functions    tetm iziz ,  shall be determined from (2.1) applying boundary 

conditions by 1,,0 zzLzz z  . 
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The functions  teiz  are in the form: 

      32121111 gtubtubte zzz  ,       42221212 gtubtubte zzz  , 

where  

        det/212112211 bdbdb   ,    det/122211212 bdbdb   , 

        det/211112121 bdbdb   ,    det/121211122 bdbdb   , 
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    zz 11 /  , zz 21 /  ,  mm damb 11111011  ,  pp
damb 21121022  , 

  det/12122103 dCdCg azz   ,   det/11121104 dCdCg azz   ,  

 mmmm dmdamad 121111112111111   ,  mm damd 111111212  ,               

 pp
damd 211212121  ,  

 pppp
dmdamad 222221122222122   , 21122211det dddd  . 

 

The method of CAM is applied – we integrate the equation of the system (2.1) by 

variable z within the boundaries of each layer, and divide it by each layer’s height iH  

then we insert function (3.1) and use the system (2.1) boundary conditions thus obtaining 

the system of ODEs (3.2): 
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  2
10111221121111011111 abebmbmmec  , 

  121222121211011112 bebmbmmec  , 

  212221221121022121 bebmbmmec  , 

  2
20222222221221022122 abebmbmmec  , 

  zzzz raDHa
H

e 1111111
1

11 5.0sinh
2

 ,   zzzz raDHa
H

e 121121
1

12 5.0sinh
2

 , 

  zzzz raDHa
H
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2

21 5.0sinh
2

 ,   1312124113111 Fgemgmgeg  , 

  zzzz raDHa
H

e 2222222
2

22 5.0sinh
2

 ,   2422224213212 Fgemgmgeg  .  

 

The non-stationary solution of (3.2) can be represented in the following form: 

     FAFAvAttv 11
0exp   , A  is the matrix 











2221

1211

cc

cc
A , 

   )();( 21 tututv zz ,  20100 ;uuv  ,  21;FFF   are the vectors-columns.  

 

The stationary averaged solution is  

  dcgcgu z /2211221  ,   dcgcgu z /2111122  , 21122211 ccccd  . 

 

The stationary analytic solution is 



154 Kangro 

 

     

     







,expexp

expexp

22241232

12121111

fzaPzaPzu

fzaPzaPzu

zz

zz
        (3.3) 

 2211 bPbP  , 4433 bPbP  ,   dbbbbP /1262252  ,   dbbbbP /2151164  , 

21122211 bbbbd  , 
z

z

a

a
b

111

211
1








, 

 

z

z

a

Cf
b

111

011
2









, 

  
z

z
zzz

a

a
aaLb

121

221
12223 exp









,  

 

z

az
zz

a

Cf
aLb

121

21
124 exp









, 

   11241112125 expexp HabHabffb zz  , 

   1121241111126 expexp HakabHaabb zzzz  , 
z

z

D

D
k

1

2 , 

   121111111 expexp HaHabb zz  ,    122112312 expexp HaHabb zz  , 

   1212111111121 expexp HaaHaabb zzzz  , 

    1222211212322 expexp HaaHaabkb zzzz  ,
2
10

1
1

a

F
f  , 

2
20

2
2

a

F
f  . 

4. The CAM in one layer 

In one layer we have following problem 
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where  tzuu ,  is the unknown function,  

         000 ,,,,,0,,0 arCCFD zazzzzz    are the constant coefficients.  

Using averaged method with respect to z we have   
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 The unknown functions    tetm zz ,  we obtain from boundary conditions (4.1): 
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The functions    tetm zz ,  are in the following form: 

    bzCaazCtzgutze 0 ,     1011 bzCaazCtzugtzm  , where  

  det/121111  aag  , zz D/1   , zz D/1   , det/211ab  , 

det/111aa  ,   det/1121221  aag  , det/2211 ab  , det/1211 aa  , 

mm daa 11111  , 
pp

daa 11121  , 
mm daa 21212  , 

pp
daa 21222  ,  

21122211det aaaa  . 

 

We integrate the equation of the system (4.1) by variable z  between 0 , L , and 

divide it by layer height L  then we insert function (4.2) and use the system (4.1) 

boundary conditions thus obtaining an initial value problem (4.3) for the ODE: 

 

    022 )0(, uugtuatu zzz  ,                        (4.3) 
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Then, the non-stationary averaged solution is       222220 /exp/ agtaagutuz  . 

The stationary averaged solution is 22 /aguz  . 

The stationary analytical solution is  

      12211 expexp fzaPzaPzu zz  ,        (4.4) 
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5. Some numerical results  

The results of calculations are obtained by MATLAB. We use the discrete values  

3,,0,  zxxj LhNNjjhx , in Nnnt ,0,   , 19 ft tN  , 

0,20,100 0  uNN xt , 0001.0,100  zz  , 5,1 0  zaz CC . 

For two layers: 001.0,001.0,4.0,6.0 2121  zz rrFF , 4.0,6.0 2010  aa , 

2.1,8.1,01.0,1.0,01.0,1.0 212121  HHDD zzzz  , 

950.3,050.4,902.1,892.1 22122111  zzzz aaaa . 

For one layer: 52.4,52.5,5.0,01.0,01.0,5.0 2100  zzzz aaarDF . 

  

In the following Figs. 1-3 there are represented the numerical and analytical (for 

stationary problem) results obtained by CAM using exponential type splines and "pdepe" 

for one and two layers. MATLAB routine "pdepe" solves nonlinear PDEs of the 

following form ( ),( tzuu  ) (WEB, a): 
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where f  is a flux term and s  is a source term. For all t  and either 0 zlz  or 

zLzrz  , the solution components satisfy two boundary conditions of the form 
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The error of approximation for stationary solutions with exponential type spline is 

10
-7

, with parabolic type spline (Buikis, 1994b) – 0.212 (Figure1, b)), for non-stationary 

solution with exponential type splines – 0.016 (Figure2, a)). For one layer the maximal 

error of approximation for non-stationary solution is 0.018 (Figure2, b)). 

 

 

a) 

 

b) 

 

Figure1. Surface of solution generated by "pdepe" (a), 

 stationary solution (analytical, generated by exponential and parabolic splines) (b) 
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a) 
 

b) 

Figure2. Solution generated by "pdepe" and by exponential splines, t=tf  :  

a) for two layers; b) for one layer 

 

 
a) 

 

b) 

Figure3. Stationary solution (analytical and generated by exponential spline)  

and non-stationary generated by exponential spline, t=tf: a) for two layers; b) for one layer 

 

6. Conclusions 

The 1-D non-stationary diffusion-convection problem in a layered domain applying the 

conservative averaging method (CAM) is reduced to initial value problem (IVP) of 

ODEs using the created integral exponential type splines with two different functions 

each of them contain the parameter.  

The error of approximation using the splines depends on these parameters. It was 

established that, to obtain a minimal error of approximation, the parameters of spline 

function must be equal to characteristic values of the solution of homogenous ODEs for 

the above mentioned IVP. 

The stationary problems are solved analytically but the solutions of corresponding 

averaged non-stationary initial-boundary-value problems are obtained numerically also 

applying MATLAB routine "pdepe". 
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The numerical solutions are compared with the analytical solutions and the matching 

results can be considered sufficiently accurate for engineering-technical calculations. 

The third-type boundary conditions used in the mathematical model allow for the 

modelling of studied processes (filtration, combustion) in the direction of the flow 

changes of their characteristics (substance temperature, concentration, humidity, etc.). 

It must be added that the CAM can be also used to solve more complex 3-D 

problems of mathematical physics by initially reducing them to 2-D problems and then 

solving with the method described herein. 
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